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This note continues TN96-04, Modeling Asset Prices as Stochastic Processes I. It
derives the stochastic process for the asset price in a heuristic manner. We obtained
dS_Stt = adt + cdW,.
The variable dW; is the increment to a Brownian Motion. Recall that dW; is normally
distributed with E(dW,) = 0, Var(dW,) = dt, and dW,? is non-stochastic and equal to di.

From these results we state the following:

E[E] = adt
St
Var(ﬁj = c’dt.
St
Given the fact that dS¢/S; is just a linear transformation of a normally distributed random
variable dW,, then it is also normally distributed. In this note, we formally derive this

stochastic process and some important results related to it.

The relative return on the asset over the period of time 0 to time dt is

w

dt

S,
The return from time dt to time 2dt is
Syt

Sdt

This pattern continues so that at a given future time T, the return is
ST
S,

The overall return on the asset from time 0 to time T is
ST

Sy
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This return can be expressed as

o))
S, Sy \Sy) \S.,)\S.,

Suppose we convert the return above into the log return.

In[S—TJ = In(EJ + In(ﬁJ et In(hJ + In{ St ]
S, S, S, S, S,

We see that the log return for the period of time 0 to time T is the sum of the log returns

of the sub-periods during time 0 to time T. The central limit theorem says that a random
variable that is the sum of other random variables approaches a normal distribution.
Thus, we know that the return from time 0 to time T is normally distributed. In turn we
can propose that any of the sub-periods is infinitesimally small such that it, too, is made
up of a series of component returns over infinitesimally smaller sub-periods. Hence, we
propose that the return over any arbitrary period from t to t + dt is normally distributed
with expectation of p and variance of o°.

IH(M] ~ N(u,cz)

St
We can specify the log return in the following manner:
In[%}z InS,., - InS, =dInS,.

t
We then propose that the log return follows the stochastic process

dInS, = pdt + cdW,,
where the expectation and variance are, therefore,

E(dInS,)= pdt
Var(dInS,) = c?dt
From here we want the return dS;. Let us propose the following transformation:
Gi=InS;,
so that
St = exp(Gy).

Now, temporarily dropping the time subscript, we apply 1t6’s Lemma to Sq:
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0S 1 06°S

dS=—=dG +=——-dG>.
oG 20G
The partial derivatives are easily obtained as
0S 0°S
—=explG)=S =explG)=S.
~ ~ () ~o7 = xP(G)

Substituting these results, we get
ds = SdG +%SdGZ.

Since dG = dInS, the differentials, dG, and dG?, are
dG = (udt + cdW)  dG? = odt,
with the second result making use of the fact that any power of dt greater than one is

zero. Substituting these results, we obtain
dS = S(udt + cdW)+ %Scszdt.

Dividing both sides by S; and adding the time subscript, we now have the stochastic

process for dS;,

%z (u+02/2)dt+cdet.

t

Defining a. = p + 6°/2, we have

% = adt + ocdW,.

t

E[QJ = adt

S,

Var(ﬁj = odt.
S,

Thus, we now have the stochastic differential equations for the return and the log

The expectation and volatility are

return. The return over the longer period is St/Sy. The log of this, i.e., the log return over
the longer period, is normally distributed. That means that S{/Sp is lognormally
distributed. Both the infinitesimal return, dS¢/S;, and the infinitesimal log return, dInS;,

are normally distributed.

D. M. Chance, TN00-03 3 Modeling Asset Prices as Stochastic Processes Il



Solving the Stochastic Differential Equation

The equations for the return and log return are stochastic processes, as well as
stochastic differential equations. A differential equation has a potential solution, which is
a function such that the derivatives conform to the differential equation. In this context, a
solution would be the stock price at some time t, expressed in terms of the stock price at a
previous time such as time 0.

To obtain S; in terms of Sy, we take the equation for the log return and set up to

integrate over the time interval 0 to t:
t t t
[dG; = [udj+ [ cdw,.
0 0 0

The left-hand side is clearly G; - Go. The first integral on the right-hand side is a standard

Riemann integral and becomes
t t
fudJ = ufdJ =put.
0 0

The second integral on the right-hand side is a stochastic integral and one of the simplest

of all stochastic integrals. It is obtained as

j.GdW- = Gj- dw, = o(W, —W,).

0 0
In fact, in this case, the stochastic integral is so simple, it is the same as the Riemann
integral. The value W, is the value of the Brownian motion process at time t. It is quite
common that W is set at zero. So we have cW;. Then G; - Go = put + cW,;. Since S; =
exp(Gy), and thus, Sy = exp(Gy),
S, =S, ™,
We can check to see if this is the solution by using It6’s Lemma on S;:

2
_ %5 dw, +§dt+la S

ds
boow, ot 20W?

dW? |

We obtain the partials by differentiating the solution: 6S/6W; = S, 8°SdoWy* = Sio?
and 0S/ot = Syu.  Now, recall that dW;® = dt. Substituting all of these results and

rearranging, we obtain:
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95 _ odt + odW,.
t
This is the original stochastic process. Thus, our solution is correct.
Why Solutions to Stochastic Differential Equations are Not Always the Same as
Solutions to Ordinary Differential Equations
Let us see how solving a stochastic differential equation is different from solving
an ordinary differential equation. Consider the ordinary differential equation (ODE):
dY:=YdW,
where W is non-stochastic. This is a fairly simple ODE. We start by expressing it as
j th AW, = dW, .

We now perform integration over 0 to t:

LAYV
LY g = [aw, .
I 06 = [

With Wy = 0, the solution is InY{= W or Y = exp(W,).

Now we let W; be stochastic. We start by proposing a general form for the
solution. Specifically, we shall say that Y= exp(Xy). In other words, X; is some function
that solves the equation and in which X; is a function of W;. In the special case X; = 0,
giving Yo = 1. Inthe ODE case, X; = W,. First we use Itd’s Lemma on X; and obtain:

X, gy LOX,

dX, =
Loy, e 2 0Y?

dv,’.

The partial derivatives are 6X/0Yy = 1/Y, and 8°X/aY¢ = -(1/Y{). We also have that
dY; = Y:dW; and dY¢ = Y{dt, due to the properties of dW,. Substituting these results, we
obtain

dX, =th—%dt.

Now we perform the integration,
t t t

[dx :jdw—j%ds,

S S
0 0 0

X, =X, =W, -t/2.
With X; = InY}, then
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Y, =e" 2,
Notice that now we have an additional term t/2. Thus, at least in this common situation,
and quite often otherwise, the solution to an SDE is not the same as a solution to an ODE.
Finding the Expected Future Stock Price
Given the solution,
S, =S,e" ™,
to the stochastic differential equation, we shall now use it to obtain the expected stock
price at t. Using the above we express the problem as follows:
E[S,]=S,E[e ™ |
= S,eMEle"]
This expectation is easily evaluated by recognizing that W; is normally distributed. We
are reminded that the probability density for a normally distributed random variable W;,

which has mean zero and variance t is

1
f(Wt):meW‘/Zt.

Thus, we can find the expected value of S; by evaluating the following expression:

E[eGW‘]= J‘ecw‘ﬁe—wf/zrdwt.

Write the right-hand side as

00

_ecwtefwf/ztdw .
J;\/Znt t
Work on the exponent
2
oW, — W2 /2t = 2OVt = Wi
2t
_ 20Wt- W} N o't B o't
2t 2 2
_ 26Wt-W;? - c°t? N c’t
2t 2
1 (W, —ot)’ N c’t
2t 2

So now we have

D. M. Chance, TN00-03 6 Modeling Asset Prices as Stochastic Processes Il



o’t/2 (1 %(Wﬁctjz
e J'me dw,.

—00

The integrand is the probability density function for a normally distributed random
variable with mean ot and variance t and, by definition, integrates to a value of 1.0.
Thus,

E[e"Wt]z ev2,
So our expectation is,

E[St ] — SoeutJrczt/Z
— Soe(p+02/2)t .

Note that this result is also equal to E[S] = See™. This is an intuitively simple result. It
says that the expected future stock price is the current stock price compounded at the

expected rate of return.

References

Aitchison, J. and J. A. C. Brown. The Lognormal Distribution. Cambridge: The
University Press (1969), Chs. 1, 2.

Briys, E., M. Bellalah, H. M. Mai and F. deVVarenne. Options, Futures and Exotic
Derivatives. Chichester, U.K.: John Wiley & Son (1998), Ch. 2

Chris, N. A. Black-Scholes and Beyond: Option Pricing Models. Chicago: Irwin
Professional Publishing (1997), Chs. 2, 3.

Dothan, M. U. Prices in Financial Markets. New York: Oxford University Press
(1990), Chs. 7,8.

Duffie, D. Dynamic Asset Pricing Theory, 2nd. ed. Princeton: Princeton
University Press (1996), Ch. 5.

Duffie, D. Security Markets: Stochastic Models. Boston: Academic Press
(1988), Chs. 21-23.

Haley, C. W. and L. D. Schall. “Stochastic Calculus and Derivation of the

Option Pricing Model,” Appendix 10A of The Theory of Financial
Decision Making, 2nd. ed., New York: McGraw-Hill (1979).

D. M. Chance, TN00-03 7 Modeling Asset Prices as Stochastic Processes Il



Hull, J. C. Options, Futures and Other Derivative, 5" ed. Upper Saddle
River, NJ: Prentice-Hall (2003), Chs. 11, 12.

Ingersoll, J. E. Theory of Financial Decision Making. Totowa, NJ:
Rowman & Littlefield (1987), Ch. 16.

Jarrow, R. and A. Rudd. Option Pricing. Homewood, Illinois: Irwin
(1983), Ch. 7.

Malliaris, A. G. and W. A. Brock. Stochastic Methods in Economics and
Finance. New York: North Holland Publishing Co. (1983), Ch. 2.

Merton, R. C. “On the Mathematics and Economics Assumptions of
Continuous-Time Models.” Financial Economics: Essays in Honor of
Paul Cootner, ed. by W. F. Sharpe and C. M. Cootner. Englewood Cliffs,
NJ: Prentice-Hall (1982).

Neftci, S. N. An Introduction to the Mathematics of Financial Derivatives. San
Diego: Academic Press (2000), Chs. 9-11.

Nielsen, L. T. Pricing and Hedging of Derivative Securities. Oxford, U.K.:
Oxford University Press (1999), Chs. 1, 2.

Shimko, D. C. Finance in Continuous Time. Miami: Kolb Publishing
(1992), Ch. 1.

Smith, C. W. “Appendix: An Introduction to Stochastic Calculus.” The
Modern Theory of Corporate Finance, ed. by M. C. Jensen and C. W.
Smith. New York: McGraw-Hill (1984).

Wilmott, P. Derivatives: The Theory and Practice of Financial Engineering.
Chichester, U.K.: John Wiley & Sons (1998), Chs. 3, 4.

Wilmott, P., S. Howison, and J. DeWynne. The Mathematics of Financial
Derivatives. Cambridge, U.K.: Cambridge University Press (1995), Chs. 1, 2.

The first and classic applications in finance were
Bachelier, L. “Theory of Speculation.” English translation by A. J.
Boness, The Random Character of Stock Market Prices, ed. P. Cootner.
Cambridge, Mass: The M.L.T. Press (1964), 17-78.

Osborne, M. F. M. “Brownian Motion in the Stock Market.” Operations
Research 7 (March-April, 1959), 145-173.

D. M. Chance, TN00-03 8 Modeling Asset Prices as Stochastic Processes Il



