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 One of the most important mathematical results used in finance is Itô’s Lemma.  Though 

this result was found around 1950, it did not make its way into the financial models until 1973 

when Black and Scholes discovered that it could be used to help find the price of an option. 

 Although there is a great deal of formal mathematic rigor to Itô’s Lemma, the essential 

elements are quite simple.  Let us begin, however, with a few basic statements from ordinary 

calculus.  Recall that any differential in ordinary calculus is considered to have a limit of zero if 

raised to a power greater than 1.0.  In other words, dtk → 0 if k > 1.  Consider any well-behaved 

mathematical function like F(X,t).1  Using a Taylor series expansion, the change in value of the 

function can be expressed as 
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Because dX2 → 0, dt2 → 0 and dXdt → 0, we write this as 
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t
FdX

X
FdF

∂
∂

+
∂
∂

= , 

It means that the change in F is a function of the changes in X and t.  The change in X is 

multiplied by the partial derivative of F with respect to X and the change in t is multiplied by the 

partial derivative of F with respect to t.  This is a formal way of stating that as X and t change, 

they induce a change in F.  The changes in X and t are so small, however, that squared changes 

in X and t are zero in the limit and that their product is also zero in the limit. 

 In ordinary calculus, all variables are non-stochastic.  This simply means that when we 

talk about a particular value of X, that value is known for certain.  When X is stochastic, we 

leave the world of ordinary calculus and enter the world of stochastic calculus.  There we cannot 

talk about a particular value of X; we must talk about a domain of possible values of X.  We 

often summarize information like that in terms of expected values and variances.  In the 

stochastic calculus, results are proven by demonstrating what happens when squared values of a 
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1By well-behaved, we mean that its first and second derivatives exist. 



variable are multiplied by probabilities.  A result is said to hold in “mean square limit.”2   A 

more formal statement of this concept is presented in later pages of this note. 

 Let us now propose that X is stochastic and follows an Itô process, such as dWt or a more 

generalized process such as 

( ) ( ) tdWt,Xdtt,XdX σ+μ= . 

Recall that dtdW tt ε= .  With the expressions μ(X,t) and σ(X,t), we are allowing the 

expectation and variance of X to be functions of the level of X and time t.   

 Now suppose that we go back to the unspecified function F(X,t) and look at the Taylor 

series expansion when X is stochastic.  While dt2 is still zero because time is not stochastic, dX2 

is not zero because, as we noted in previous notes, dWt
2 = dt.  Note that dXdt is zero in the limit 

because ( ) ( )( ) ( ) ( ) 0dtdWt,Xdtt,XdtdWt,Xdtt,XdXdt t
2

t =σ+μ=σ+μ= , because dWtdt goes to 

zero in the limit.3  This gives us 
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Furthermore, we can state that ( ) ( ) ( ) ( ) t
2222 dtdWt,Xt,Xdtt,Xdtt,XdX σμ+σ+μ= , which can be 

reduced to dX2 = σ(X,t)2dt.4  This gives us 
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This is known as Itô’s Lemma, being named for the Japanese mathematician who discovered it.  

It describes the stochastic process of a function F(X,t), which is driven by an Itô process X and 

time t.  Note that by substituting for dX and dX2 we could write the stochastic process for F as 

( ) ( ) ( ) t
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In this manner we see that the term in parentheses is the expected change in F and the variance is 

given as .( ) ( t,XX/F σ∂∂ )

                                                          

5  Note that the uncertainty in F comes from the uncertainty in Wt. 

 
2The term “mean square limit” can be thought of somewhat like the concept of variance, which is the mean squared deviation 
around the expected value.  It is approximately correct to say that a result in stochastic calculus holds when the variance 
converges to a finite value.  
3From the definition of dWt, the expression dWtdt will be εtdt3/2.  The 3/2 power on dt drives it to zero in the limit. 
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4See the previous footnote. 



 Because we often need to price derivative contracts, Itô’s Lemma is widely used in 

finance. The price of a derivative is said to be “derived” from the price of the underlying asset 

and time.  Thus, F(X,t) is a convenient specification of a derivative price.  Suppose F is the price 

of an option or other derivative contract on an asset whose value is X.  If we let that asset price 

evolve according to the Itô process, then we can be assured that the change in the option price is 

described by Itô’s Lemma, as stated in the above equation. 

 In addition Itô’s Lemma can be expressed in integral form.  Let us restate the problem.  

We are given a random variable Xt, which follows the stochastic process: 

( )( ) ( )( ) tt dWt,tXdtt,tXdX σ+μ= , 

where we have subscripted t on X to reinforce that X takes on different values at different times 

t, depending on the evolution of Wt through time.  Applying Itô’s Lemma to the function, F(Xt,t), 

we obtain 
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 Now suppose we integrate over the period time 0 to time t.  This process is called 

stochastic integration, and is not defined the same way as standard or non-stochastic integration.  

The latter is done by dividing the area under a curve into rectangles.  The area under the curve is 

approximately the sum of the areas of each of the rectangles.  As the number of rectangles goes 

to infinity, the sum of the areas of the rectangles precisely approaches the area under the curve.  

Alternatively, standard integration can be viewed as adding up all of the infinitesimally small 

values dX/dt across values of t.  Consequently, the derivative must be defined for all values of t.  

This process is called Riemann integration, or its variation Stieljes integration. 

 In a stochastic function, however, a derivative such as dXt/dt is not defined.  To put it 

somewhat crudely, the zig-zaggedness of Xt renders it impossible for the slope of a tangent line 

at any point to have a finite limit, which is a requirement for a derivative to exist.  It is possible, 

however, to integrate a stochastic function by defining the process somewhat differently.  Instead 

of being the limit of the area under each rectangle under the curve, a stochastic integral is defined 

as the mean square limit, meaning somewhat loosely that the integral is the expected value of the 
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5Remember that the expected value of dWt is zero; hence the expected value of dF comes from the first term on the right-hand 
side.  The term in parentheses is the expected value; multiplying by dt scales it by the length of the time interval.  The variance in 
the stochastic process comes from the second term on the right-hand side because the first term is the expected value, which is a 
constant.  The variance is simply the square of whatever term is multiplied by dWt times the variance of dWt, which is dt. 



sum of the squared product of the volatility times the change in the stochastic variable.  Such a 

limit will exist for the processes we typically encounter in finance.  In this sense a stochastic 

integral is much more like a volatility measure.  More formally the stochastic integral known as 

the Itô integral,  
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 Conveniently, some of the properties of ordinary integration hold in stochastic 

integration.  For example, by definition 

0t
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In other words, whether X is stochastic or not, the sum of the changes in X from X0 to Xt is, by 

definition, Xt - X0.  In the special case where the volatility is constant, i.e., σ(Xt,t) = σ for all t, 

we can pull the constant out and obtain 
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 Now let us write Itô’s Lemma in its integral form.  Using stochastic integration, we have 
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This looks like it is going to be a problem because of the term dXu
2, but we have previously 

noted that dXt
2 = σ(Xt,t)2dt.  Using that result and combining terms gives 
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which is Itô’s Lemma in integral formula, or sometimes called Itô’s stochastic integral.  

Remember that either the differential or integral version of Itô’s Lemma automatically implies 

that the other exists, so either can be used, and in some cases, one is preferred over the other. 

 Let us look at two more general cases of Itô’s Lemma.  First we look at the case where 

our random process is a function of two random processes.  In other words let us say that X and 

Y follow stochastic differential equations driven by an Itô process.  For right now, we do not 

have to specify those processes precisely.  Consider a function F driven by X, Y and t.  Then 

applying Itô’s Lemma to F(X,Y,t), we obtain 
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Depending on the specifications of dX and dY, we can usually proceed to simplify this further.  

Note that there is no interaction term with dX and dt or with dY and dt as these will go to zero by 

the product of dX and dW or dY and dW. 

 Now consider two specific processes, X and Y, both with different but constant 

parameters. 

.dWdtdY
,dWdtdX

YY

xx

σ+μ=
σ+μ=

 

Here both X and Y are driven by the same Brownian motion W.  Now consider another process, 

Z, defined as 

Z = XY. 

We want to identify the stochastic process for Z.  Applying Itô’s Lemma to Z we obtain6: 
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Since Z is a very simple function of X and Y, we obtain the partial derivatives easily: 
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Substituting these results into the above, we obtain: 

dtXdYYdXdZ YXσσ++= . 
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6There is no term related to dt since Z is not directly determined by t. 



This result reflects the fact that dXdY = σxσydt.  Now let us assume the two processes are driven  

by different Brownian motions:  

.dWdtdY
,dWdtdX

YYY

Xxx

σ+μ=
σ+μ=

 

 
Let ρxy be the correlation between the Wx and Wy.  We have dXdY = σxσydWxdWy.  Let us 

examine the expression dWxdWy.  We know that the two Weiner increments are more 

specifically defined as: 

.dtdW

dtdW

YY

XX
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Now let us take the variance of their product. This was result is presented in TN00-05.  We have 

Var(dWxdWy) = 0, 

E(dWxdWy) = dWxdWy = ρxydt. 

Going back to what we originally wanted, 

dXdY = σxσyρxydt. 

This is obviously the covariance between X and Y times dt.  So 

dZ = YdX + XdY + σxσyρxydt. 

Of course if these are independent Brownian motions, the covariance term disappears. 

 These results provide only the basic tools that we shall use for pricing derivatives.  The 

trick is to remove the uncertainty by forming a riskless hedge consisting of units of the derivative 

and units of the asset.  When that is accomplished, this leads to an ordinary, non-stochastic 

partial differential equation, for which a closed-form solution sometimes exists and otherwise, a 

numerical solution can be obtained.7 
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7A numerical solution is a solution to a differential equation that is obtained by solving the differential equation over a range of 
possible values of the variables.  Usually a differential equation is restricted by certain conditions that define its value at certain 
combinations of the variables.  These are called boundary conditions. 
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