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 In Teaching Note 97-01, we learned about the normal probability distribution.  

Suppose now that we have two normally distributed random variables, X and Y.  The 

expected values are μX and μY and the standard deviations are σX and σY.  We let the 

conditional expected value of Y and X be linearly related, as evidenced by the fact that 

E[Y|x] = μY + ρ(σY/σX)(x - μX), 

where ρ is the correlation between Y and X.  This statement simply says that if the value 

of X is known, the expected value of Y is given by the right-hand side expression.  This 

expectation of Y is called the conditional expected value of Y, given x.  The terms μY and 

μX are the unconditional expected values.  They are our best estimates of the expected 

values of Y or X, given that we know nothing about the value of the other.  If X and Y 

are linearly related, then the correlation between X and Y can be used to make a better 

prediction of Y, given that we know the current value of X, which is x.  If Y and X are 

related in this manner, then the joint distribution of Y and X is bivariate normal.  The 

conditional variance of Y is related to its unconditional variance by the formula1
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 The probability density function for the bivariate normal is 
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The distribution function or cumulative bivariate normal probability is  
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1For a brief review of the relationships between the joint, conditional and marginal probabilities, see the Appendix to 
this Teaching Note. 



 Since each variable X and Y is individually normally distributed, each can be 

transformed or normalized into a standard normal random variable, which we shall call z1 

and z2, by the relationships, 

Y

Y
2

X

X
1

yz,xz
σ
μ−

=
σ
μ−

= . 

The standard normal bivariate density is then 
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The figure on page 4 illustrates the standard normal bivariate density in three-

dimensional space.   

 The following relationships are useful when dealing with the bivariate normal 

probability distribution.  Let N(x) be the (univariate) normal probability for a variable X 

and N2(x,y;ρ) be the bivariate normal probability for the variables X and Y, which can be 

normalized or not.  Then 

     N2(x,y;ρ) = N2(y,x;ρ) 

N2(-x,y;ρ) - N2(x,y;-ρ) = N(y) 

N2(x,y;ρ) - N2(-x,-y;ρ) = N(x) + N(y) - 1.0. 

 Computation of the bivariate normal probability is quite difficult, but an analytic 

approximation developed by Drezner (1978) is often used and gives a high degree of 

accuracy.  You can obtain an Excel spreadsheet, probcalc.xls, that calculates univariate 

and bivariate normal probabilities, along with the t-, F-, binomial and χ2 (chi-square) 

probabilities, from the course home page. 

 Using that spreadsheet let us work a problem involving bivariate normal random 

variables.  Let x = 0.74, y = -1.13 and Δ = .32.  We wish to know Prob(X ≤ 0.74, Y ≤ 

-1.13|.32).  The univariate probabilities, which are easily obtained from Excel’s 

=normsdist() function, are N(0.74) = 0.7704 and N(-1.13) = 0.1292.  The bivariate 

normal probability is N2(0.74,-1.13;.32) = 0.1171.  Let us check out the above 

relationships: 

N2(0.74,-1.13;.32) = 0.1171 = N(-1.13,0.74;0.32) =  0.1171 

N2(-0.74,-1.13;0.32) = .0529; N2(0.74,-1.13;-0.32) = 0.0763; 0.0529 + 0.0763 = 0.1292  
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= N(-1.13) 

N2(0.74,-1.13,0.32) = 0.1171; N(-0.74,1.13;0.32) = 0.2175; 0.1171 - 0.2175 = -0.1004 

N(.74) = 0.7704; N(-1.13) = 0.1292; 0.7704 + 0.1292 - 1.0 = -0.1004. 

 Some special cases are worth nothing.  If either of the values x or y is infinite, 

then the bivariate probability reverts to the univariate probability.  For example, Prob(X ≤ 

x, Y ≤ ∞|ρ) = Pr(X ≤ x).  This is because the condition that Y ≤ ∞ has no effect because 

its probability is 1.0.  This, of course, also holds if the variables are reversed.  If ρ = 0, 

then the bivariate probability is the product of the two univariate probabilities of X and 

Y, i.e., Prob(X ≤ x,Y ≤ y|ρ=0) = N(x)N(y).  A few other special relationships hold when 

ρ = 1, but this is so rarely observed that I simply refer you to Abramowitz and Stegun 

(1972). 

 The bivariate normal probability generalizes into a multivariate normal 

probability.  In finance one occasionally sees the trivariate normal probability and there 

are techniques for estimating it, when involve simplification of the relationships between 

univariate, bivariate and trivariate densities.  For the most part, however, computation of 

these high order integrals is extremely time consuming. 
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APPENDIX: REVIEW OF JOINT, MARGINAL AND CONDITIONAL 

PROBABILITY 

 

 Consider the following information.  A sample of 100 people, 55 female and 45 

male, is collected and examined for the frequency of brown hair.  Of the 55 females, 31 

have brown hair and 24 have some other color.  Of the 45 males 28 have brown hair and 

17 have some other color.  If this is a reliable sample, what is the probability that a person 

selected at random will have brown hair?  This is the unconditional probability, 

sometimes called the marginal probability, and it is 0.59, given that 59 out of 100 have 

brown hair.   

 Now suppose I told you that I had selected a male.  Then what would be the 

probability that the subject has brown hair?  This is the conditional probability, 

specifically the probability that the subject would have brown hair, given that it is a male.  

Then the answer would be 28/45 = 0.62 because 62 % of the males have brown hair.   

 Now suppose I selected someone at random and asked you the probability that it 

would be a female with a hair color other than brown.  Out of 100 subjects, 24 are 

females with a hair color other than brown.  So the joint probability would be 0.24. 
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 The joint probability is equal to the conditional probability times the marginal 

probability of the condition.  In our example this means that we want the probability that 

the subject will be a female with a hair color other than brown and this will be the 

probability that the subject will be female, given that you know the subject does not have 

brown hair, times the probability that the subject does not have brown hair.  The 

probability that the subject will be female, given that we know that the subject does not 

have brown hair is 24/41, since there are 41 people with a hair color other than brown and 

24 are female.  This is the conditional probability.  The probability that the subject does 

not have brown hair is 41/100 since you know that out of 100 people, 41 do not have 

brown hair.  This is the marginal probability.  Multiplying the conditional probability 

times the marginal probability gives us (24/41)(41/100) = 24/100. 

 Alternatively, we could have found the conditional probability that the subject 

will not have brown hair given that we know it is a female, which will be 24/55, times the 

probability that the subject is female, 55/100, giving us the correct answer of 24/100. 


