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This file contains the proofs and derivations of the 11 binomial models identified in the
literature and cited in “A Synthesis of Binomial Option Pricing Models.”

The abbreviations for the models are:

CRR: Cox, Ross, Rubinstein

RBJRT: Randleman-Bartter, Jarrow-Rudd, Jarrow-Turnbull

Will, Wil2: These derivations include two models of Wilmott

JKY: Jabbour, Kramin, and Young. These derivations cover five models:
JKYABMD1, JKYRB2, JKYABMC2, JKYABMD2c, and JKYABMD3

The models are covered in these articles.
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CRR

The mean and variance specifications for the physical process are
glnu+(1-qg)Ind = xh
q@-q)[In(u/d)]" = o?h.
Assume Ind = -lnu. Then
glnu+(1-qg)(=Inu)=uh
2qInu=pxh+Inu
yh+|nu uh N Inu

2Inu 2Inu 2Inu
1 lyh

2 2Inu’

Now find ¢(1-¢):

q(1- q):( 1,uhj1 1 1,uh (1,uh+lj(l_l,u_h_i
2 2lnu 2 21Inu 2Ilnu 2 2Inu 2
(1,uh j(l 1,uh) luh 1 40 1 1 uh
21Inu

2 2lnu
1 u4*h?

1
_- Lo
4 (Inu)> 4
Then In(u/d) = Inu — Ind = Inu — (-Inu) = 2lnu. Then
o’h=q(@-g)[In(u/d)]* =q@-a)[2Inu]?

= q(1-q)4(Inu)? = (% j(f‘ h) jA(Inu)z.

Gjmn u)? =c’h

+
4lnu 4(Inu)> 4 4lnu

CRR assume h* — 0, so

Inu=o+h
u=e" d=e"
Working with ¢:
qoliish 1.1 uh
2 2lnu 2 20[
NN
2725
The limit of ¢ is
Iim=|im( +—ﬁfj
h—0 h—0\ 2

CRR specify the risk neutral probability to be consistent with no arbitrage:
e" —d
u-d -

=



In the limit,
eh—ee 1.1

limz=Ilim = .
h—0 h—0 e(’-\/F _ e’o_‘/F 1_1

Thus, we use L’Hopital’s rule:

e"—e " f(h)

= =
eo—\/ﬁ _e—oJﬁ g(h)
rerh+ae_aﬁ re"vh  oe
timz < timl L) il 2vh | il 2, 2vh
o0 hool g'(h) ) oo geo eVt | b0l g ot

+

2vh  2vh Jioo 2dh

(re™ 1
=lim —\/_+—e‘2“ﬁ =0+

N |-
N |-

h—0 o 2
Anomalies:

la) Is m < 1? This will be true if " < w.
(1a)

e™<u

erh<e0h

rh<0\/ﬁ

rh<o
o 2

h<(—j.
r

This will not always be true. Thus, ® can exceed 1.

(1b) Is ® > 0?7 This will be true if ¢" > d. This statement will be true if d < 1. The

condition of d < 1 is evaluated in (3) below and shown to be true. Thus, © always

exceeds 0.
(2) Is u>17
u=e"">1
Clearly u is always greater than 1.
(3) Isd < 17
d=e" <1,

Thus d is always less than 1.



RBJRT

The mean and variance specifications for the physical process are
glnu+(1-qg)Ind = uh
q@-q)[In(u/d)]" = o*h.

Set ¢ = %. Then, using the variance specification

(%j(%j[ln(u/d)]z _%h

In(u/d) =2o+/h.
Write the mean specification as
q(in(u/d))+Ind = uh.

Substituting this result into the mean specification

(3(2aﬁ)+ Ind = uh

Ind = uh—oh
d =g,
Then

In(u/d) =20+h
Inu—Ind =25+h

Inu=Ind +25vh

:yh+0\/ﬁ
u = goh,

To be consistent with no arbitrage, we require @ = r - 0°/2. Therefore,
U= e(r—JZ/z)hm\/F, d= e(r_UZ/z)h—aJF.

Then JT specify the risk neutral probability to be consistent with no arbitrage:

erh _ d
Cu-d
Using b = r - 0°/2 and substituting for u and d:
e _ e(r—JZIZ)h—g\/ﬁ e (1_ efo'zhlzfo-\/ﬁ)

= = .
e(r—azlz)hﬂf\/ﬁ _ e(rfO'Z/Z)hfo'\/F erh (e—o-zh/2+o\/ﬁ _ e—JZhIZ—J\/F)

Multiply by 72 [ 2,
o2 (1_ e—ozh/ZﬂT\/ﬁ)
o o

=
e

In the limit,
e0'2h/2 _e—a'«/ﬁ B 1_1

limz=Ilim = .
h—0 h>0 govh _g-ovh 11




Using L’Hopital’s rule. Let
B eo‘zh/Z _e—a\/ﬁ B f (h)
eaﬁ _ e-aﬁ g(h) '

T

Therefore,

2h/2 2

o’ th,2+ae*6ﬁ @/ 2)vhe” "o (1/2)oe P

limz =lim

h—0 h—0 o

2h 2 o Jh

=1im ((1/ 2)o/ne” Mzl 4 %emﬁj -0+

(w):limz — 2vh_|_jim Jh 4 qh
oe’

g'(h) h—0 eoﬁ h—0 ae"ﬁ Geoﬁ

N[
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Anomalies:
(la) Ism < 17
This statement will be true if " < .
e" <u

e < e(r—azlz)mo-\/ﬁ

e <o (e—o-zh/2+0'x/ﬁ)
1< g o 2roh

g-oh2 o govh
o*h/2<ovh
o’h< 20'\/H

ovh <2

O
h<—
vh 2

4
h<—-.
02

Thus, ©® can exceed 1 if A is large enough relative to o.

(Ib) Is ®™ > 07
This statement will be true if ™ > d.
e >d

e >e
—Uzh/Z—U\/ﬁ

(r-c?12)h-o~/n

1>e

Thus, © always exceeds 0.



(2) Isu > 17
e(r—o-2/2)h+o\/ﬁ >1
rh—o’h/2+ovh >0
rh> o2h/2 - oJh.

Thus, u can be less than 1.

(3) Is d < 1?
e(r—02/2)h—a«m <1
rh—o?h/2-o+/h <0

rh<o*h/2+o+/h
Thus, d can exceed 1.



Chriss
The mean and variance specifications for the physical process are

qu+(@1-qg)d =e™"
ql-9)[Inu/d)]’ = oh.

Set ¢ = %. Then, the equations become

Liilgoen
2 2
u+d=2e*"

Using the volatility specification:
11
EE[In(u 1d))? =o’h
u =de?".
Substituting back:
de?" 1 d = 2"
d (ezgﬁ +1) =2

Zeah
d:T
e +1

2eah
U+——mm= Ze“h

e 41
Zeah
u= 2€“h —T
e +1

(ez"ﬁ +1) 2e" — 2"
e2oh 411
Zezzh+20«/ﬁ

e 11

To be consistent with no arbitrage, we require o = r. Therefore,

2erh+20\/ﬁ 2erh

u= , d= )
e2oh 1 e2oh 11

Chriss specifies the risk neutral probability be consistent with no arbitrage:
e —d
u-d -

=

Using o = r and substituting for « and d:



e (ez"ﬁ + 1) —2e™

e —2emM /(ez"ﬁ +1) 2ol
7= _ e 41
2emedh gt 2emMreh _ pem
el 41 g2 41 e 41
eMroh 4 oM _ e g (ezwF _1) e -1 1
g™l _pem e ggrelt 5 (5) e 1 2

Of course, this result is required because Chriss assumes that m = % but this proofs

confirms that it is upheld.

Anomalies:
(la) Ism < 17
With ®m = % there is no question that © < 1.

(Ib) Is ™ > 07

With ®m = % there is no question that ©™ < 1.

(2) Is u> 17

2erh+20'«/ﬁ
ol g 1
e +1

2erh+2m/ﬁ >e2m/ﬁ 1

2erh+20-\/ﬁ _ eZG\/ﬁ >1
g2oh (2¢" —1) >1.

The terms in parentheses are at least 1, so u cannot be less than 1.

(3) Isd < 17

2erh
— <1
e 41

2e™ <2V 41,

Thus, d can exceed 1.



Trigeorgis
The Trigeorgis model transforms the original stock price S to the log of the stock price,
X. Let X =1InS. Then the binomial process specifies that X goes to X + AX or X - AX
with probabilities ¢ and 1 — ¢. Thus, the binomial process has InS going to InS™ = InS +
AX or to InS = InS- AX. Thus,
INS™=InS +AX
S+ — elnS+AX — SeAX — SU
U= eAX
AX =Inu
InS™ =InS - AX
S =e"™ =ge™ =5d
d — e—AX
-AX =Ind.
The expected value of AX is
E(AX)=09AX + (1—q)(-AX) =gAX — AX +gAX
=20AX — AX = AX (29 -1).
The variance is
Var(AX) = q(AX — E(AX))® + (1—-q)(-AX — E(AX))?
=q(AX = (20AX —AX))® + (1—q)(-AX —(2gAX — AX))?
=q(AX —209AX + AX?) + (1—q)(-29AX)?
=((2AX —29AX)? + (1-q)(-29AX)?
=q(4(AX)? —8q(AX)* +49°(AX)?) + (1-q)4q° (AX)*
=4q(AX)* —80°(AX)* + 4% (AX)? + 407 (AX)* —4q°(AX)?
= 4q(AX)? - 49*(AX)? = 4(AX)*q(1-q).
To derive ¢, use the expected return:
E(AX)=20AX —AX = uh
uh+AX =29AX

q =£[ﬂ—h+1j.
2\ AX

Now we need ¢(1 — ¢):



E(ﬂ_hﬂj 1_1(ﬂ_h+1j :(Eﬂ_hgj(l_lu_h_l)
2L AX 2L AX 2AX 2 2AX 2

_(Eﬂ_h+1j(l_lﬂ_hj
2AX  2)\2 2AX
1uph 1 (uh)? 1 1 ph

CAAX A4(AX)E 4 4AX

__ Ly 1
44(AX)" 4
Insert back into the variance expression:
1 (uh)* 1
4(AX)*q(l—q) =4(AX)* —| = +=
(AX)"q(1-q) = 4(AX) (4(AX)2 2

_ 4 (8X) (uh)” 21+ (AX)?
= XY =+ ()

o’h =(AX)? —(uh)’.
Now we can solve for AX:
o’h=(AX)? = (uh)®
(AX)? = a’h + (uh)®

AX =Jo*h+ (uh)?.
The limit of ¢ is easily found as

limq = lim 1(”—h+1j :1(9“]:1_
h—0 h—o| 21 AX 2\ 0 2

We will use L’Hopital’s rule.

. .11 uh 1
limg=Ilim| =————— [+ =
h—0 h—>0( 2 O'2h+(,uh)2 2
_fhy 1

g(h) 2

limg= Iim{w}r1
h—0 h—0 g'(h) 2
f'(h) = u

o’ +2u°h

! h —
o Jo?h + (uh)?

q

. . 1 | mfoth+(uh)® | 1
limg=lim| ————— [+ = =lim| =—F——5— [+ ==
h—>0 h—0 o +2‘u h 2 h-0 o +2,U h 2

Jo?h+ (uh)?

To risk neutralize, we substitute r - 0°/2 for p:



AX =\Jc?h+(r — 62 12)2h?
U= e«/02h+(r—02/2)2h2 d= e—«/o—zh+(r—5212)zh2

2
ﬁ*zl(wﬂj_
2 AX

The limit of the formula for ©* is % because we have already shown that the limit of ¢ is
Y, and ©* is just ¢ with (r - 0%/2) substituted for p. The limit of © would be found as

follows:
e™_d g™ _e—«/62h+(r—0'2I2)2h2
u—d - e\/02h+(r—02/2)2h2 _e—\/02h+(r—02/2)2h2
. 1-1
limz=—-.
h—0 1-1
So we will use L’Hopital’s rule. In the derivation that follows some simplifications are
p p

T =

made, such as using A X instead of its detailed formula.

__fM
g(h)
limz = Iim(wj
h—0 h—0 g’(h)

f (h) — erh _ e—AX , g(h) — eAX _ e—AX

() = rem + 1 e (02 +2(r — 2 12)?h)
2

JAX
gy LE @ 2ot 127h) 1e%(of +2Ar ot [2Fh) e (0" + 2r— 0"/ 2)'h)
2 JAX 2 JAX JAX
re™AX +(1/2)e™ (¢ + 2(r — o 12)*h)
f'(h) _ JAX
g'(h) e (o? +2(r-c°12)°h)
JAX

_re™AX + (1/2)e™ (o + 2(r — o’ [2)°h)
&% (0% + 2(r — o2 12)7h)

“m[ f'(h)j _0+@W/2)M)(0*+0) _1
-0\ g’(h) 1(0'2 +0) 2

Anomalies:

(la) Is w* < 17



7' <1

2
1 (r-c?/2)h 1ot
2\ \Jo?h+(r—c?12)?h’
2
(r—o?/2)h 5
Joth+(r—c?/2)*h?
(r—o?/2)h

Jo?h+(r—c?/2)*h?
(r—c?I2)h<Jo?h+(r —c?/2)*h?
(r—o?12)°h? <?h+ (r — o2 12)°h?

0<o’h.
Thus, = is always less than 1.
(1b) Is w* > 07
7*>0
_ 2
1 (r—o°/2)h -0
2\ \Jo?h+(r—o?12)2h?
2
(r=oc°/2)h -0
Jo?h+(r—c?12)*h?
(r-o°/2)h

Joth+(r—c?12)*h?

(r—c?12)h>—\Jo?h+(r — 5%/ 2)*h?
(r—o?12)°h? <o?h+(r — o 12)°h?

0<o’h.
Thus, ©* is always greater than 0.
(2) Isu > 17
e >1.
Because AX > 0, u is always greater than 1.
(3) Isd < 17
e <1

Because AX > 0, dis always less than 1.



Wilmottl and 2
The mean and variance specifications for the physical process are
qu+(l-qg)d =e*
q(u—e™)? + (1—q)(d —e™)? =" (e - 1).
Working with the variance:
q(u—e™)’ +(1-q)(d —e™)* =qu* + (L-g)d’ - (e”")*
qu? + (L—q)d? — (e™)? =" (e - 1)
quz + (1_ q)d 2 _ e(2a+0'2)h
qu? +d? —qd? =@«
q(uz _ dz) _ e(2zz+0'2)h —_d?

e(2a+az)h . dz

q= 2

u®—d?
Working with the mean:
qu+d—qd =e™
q- e" —d
u-d

Setting these equations equal to each other:
e(2a+oz)h —d? e _¢g
w¥_d?2  u-—d
e(2a+0'2)h —d 2 eah —d
U-d)u+d) u-d
(em*”z)“ —dz)(u —d)=(e“"—d)(u-d)(u+d)

e(2a+0'2)h _ d 2

u+d= -
e —d
Will:
For the special case of Will, let u = 1/d.
(2a+a?)h _ 42
l—i_ d = : ah d
e’ —d
1+d2 e(2a+o )h d2
d  e"—d

(1+d2)(eah —d) :(e(2a+o-z)h _dZ)d
eah _d +d2eah _d3 :e(2a+0'2)hd _d3

d%e® —d - de(2a+0'2)h +e’ —0.

Now multiply by e



d? —de ™™ —de“ " 4+1=0
d?—d(e ™ +e“ M) +1=0.

Using the quadratic formula:

—qh (a+c?)h —ah (a+o?)hy2
e +e + e +e -4 2 2
d= ( ) \/( ) zl(e—ah +glaronny _1\/(e—ah +elaro gz _g
2 2 2

u :%(eah +e(a+62)h)+%\/(eah +e(a+0'2)h)2 _4.

To risk neutralize, let oo = 7

1 2 1 2
u :E(e—rh +e(r+a )h)+§\/(e—rh +e(r+a )h)2 4

d — %(erh + e(r+62)h) _%\/(erh + e(r+0'2)h)2 _4

The risk neutral probability is upheld because the raw mean constraint was used. Thus,
e" —d

= .
u-d

with u and d as specified directly above.

To determine the limit of «, we substitute for u and d:
erh _(; (e—rh +e(r+o-2)h) _%\/(e—rh +e(r+o-2)h)2 _4)

(;(e‘rh +e(r+‘72)h) +;\/(e—rh +e(r+02)h)2 —4)—(;(6_”1 n e(r+az)h) _;\/(e—rh +e(r+az)h)2 _4)

T =

T

erh _%(e’rh +e(r+62)h)+%\/(e—rh +e(r+0'2)h)2 _4

\/(e‘rh +eoIn2 _g
aking the limit gives
1-(U/2)@)-@/21-1/20 1-1
Jo S0
So we will need to use L’Hopital’s rule. Define © as follows:

—mwhere

T =

g(h)

rh 1 —rh (r+o?)h 1 —rh (r+o?)hy2
f(=e"->(" +e )+§\/(e ety g

g(h) — \/(e—rh +e(r+gz)h)2 _4.
Then



limz= Iim[w]
h—0 h—0 g'(h)

) ~rh (r+a®)h\(_pa-th 2\ (r+0?)h
f'(h)=re" +; re” —%(r+az)e<r+0>h+112(e +e M) (—re™ 4+ (r + o2)e™7 ")

22 g(h)
_re 4 Lpen —l(r +o?)eron L (e "+ M) (—re " + (r+0)e ")
2 g(h)
(h)(re + ; —*(r +0°)el )h)+ "+ M) (—re ™ + (r + o?)e )
g(h)
g'(h) B (_re—rh +(r+o_2)e(r+02)h)(e—rh +e(r+oz)h)
g(h)
g(h)(e™ Jre(”"z’“)(rerh +%re‘X —%(r + oz)e“wZ)h]Jr;(e-rh 1M Cre ™ 4 (1 4 62)e M)

r_ a(h)

g'(h) (_re—rh +(r+02)e(r+oz)h)(e—rh +e(r+oz)h)

g(h)

g(h)(e—rh +e(r+02)h)[rerh +%re—x _;(r+o_2)e(r+az)h)+;(_re—rh +(r+o_2)e(r+az)h)(e—rh +e(r+02)h)

(_refrh +(r+o_2)e(r+az)h)(efrh +e(f+02)h)

fhy O+%(—r+(r+az))2 1

>0g'th)y  (-r+(r+o2)2 2

Anomalies:
(la) Ism > 07

This statement will be true if u > €™

1/ 1 [
E(e rh +e(r+az)h)+§\/(e h +e(r+az)h)2 _4seh

Let 2 = rh and y = o*h.

i(e‘X +ey)+%«/(e‘X +e )2 4 >e”,

2

Make the assumption that y = 0. If the LSH exceeds the RHS with y = 0, it will also be
true if y > 0.



%(e‘X +ex)+%\/m>eX
%(e‘X +ex)+%\/e‘2X +e*42-4>¢
%(eX +ex)+%\/(ex +e7%)? > e

%(eX +ex)+%(eX +e7)>e'

X X

e’ =e".
We have shown that the LHS equals the RHS with y = 0. Thus, the LHS exceeds the

RHS with y > 0. Therefore, (1a) is true and = is always less than 1.

(Ib) Is ™ > 07
This statement will be true if d < €”. Because € > 1, this statement will be true if d <

1, which will be proven in (3). Thus, we will be able to say that = is greater than 0.

(2) Isu>17

rh

We have already shown that u > €™ and since " > 1, u is always greater than 1.

(3) Isd < 17
This statement is somewhat complex to prove. Using the notation used above of x = rh

and y = o°h, assume that z = 0 and y = 0. Then

d=%a+D—%JQ+D2—4=L

If we can show that dd/0x and 0d/0y are both negative, then we have shown that d <
1. First specify:

B=e7"+e",
So that

d:%B—%JW—A

The partial derivatives are:



0B oy OB? 0B

—=—e"+e""Y, —=2B—=2B(-e " +e&"")
OX OX OX
2 2
Q—%——i_;( —4)22B(-e* + &), §§—=ZBGQ*+e”0
X OX
@:e“—y a(B ) ZBaB ZBeX+Y
oy oy oy
/ 2 2
8 B (BZ )_l/ZZBeX+y, QZZBeHy.
ay oy

Therefore,

od 1 B
——=—0£*+e”U[L— }
VB? -4

The sum of the exponential expressions in parentheses is positive because e® > -¢* and ¢’

> 1. Now we show:

B >1

B°-4
B>+B?-4
B’>B°-4
0>-4.

Thus, the term in large parentheses in the formula for 9d/0z is negative and the whole

expression is negative. Looking at dd/dy, we have

ad 1(x+y)[ B j
o 2 JB2-4)

By the same arguments, we obtain dd/0y < 0. Thus, d is always less than 1.

Wil2:

Now look at Wilmott2, which assumes that ¢ = %. Therefore, we have
e —d 1
u-d 2

Using a previous result for the general case,

e(2a+0'2)h _dz ~ 1

ul-d> 2
We now have the following:
Listgoen
2 2
u+d=2e"
1,

L= dz _ e (2a+o?)h
2 2

u + d 2 e(2a+o‘ )h



Letting d = 2¢™" — u,
2
u2 (Zeah _u)2 — 2e(2a+o— )h
2
u? + (4e*" —4e™u +u?) = 28"

2
2u2 +4e2ah _4eahu — 2e(2a+o’ )h

2ah (2a+c?)h

u?+2e°" —2e"u=e
2
u2 + 262ah _ Zeahu _e(2a+a )h — 0

2e2ah i\/4e2ah _4(2e2ah _e(2a+az)h)
2

—ph i%\/4e2ah _ge2ah | ge(2a+a®n
=e J_r%\/AeZ““ (1-2+e"") =™ i%Ze““\/e”zh -1
u=e™" (1+ NG —1)

e" (1— e —1).

u=

d

To risk neutralize, we set o = 7
2 2 2 2
u=glo/an (1+ Ve " —1), d =gl /ah (1— e’ " —1).

Because the raw mean is the constraint, the risk neutral probability is correctly specified:
e"-d 1

u—-d 2

Of course, there is no need to check the limit of « as it is always '%.

Anomalies:
(la) Is ™ < 17

This statement will be true if ¢ < w.
e <e™ (1+ \eo " —1)
1<1++e" -1
0<+e " —1.

This statement is always true so m is always less than 1.

(Ib) Is ™ > 07

This statement will be true if ¢ > d?



erh > erh (1_ eazh _1)

1>1-+e "1

Vo™ ~1>0.

This statement is obviously true so w is always greater than 0.

(2) Isu>17
e™ (1+ NG —1) >1.

Since €¢” > 1 and we have already shown that the term in parentheses is greater than

zero, then u is always greater than 1.

(3) Is d < 17
g™ (1—\/e“2h —1)<1.

This expression will not always be true. If the term in parentheses is small, this

condition can be violated. Thus, d is not always less than 1.



JKYABMD1

The mean and variance specifications for the physical process are
qu+(@—q)d =1+ch
ql-q)(u/d)* =c’h.

The mean can be written as
g(u-d)+d =1+«h.

From the variance,

o’h
Va(d-a)
__ovh
q(-q)

(u-d) =

Substituting into the mean,
—;;Z\/ﬁq) +d=1+ah
go/h
Vad-aq)
ovh
Ja@d-a)
qmm4_aﬁ
Jait-a) Jat-q)
(1-g)ovh
Ja-a)

d=1+cah-

u=d+

u=1+cah-

u=l+ah+

Using ud = 1, we can get ¢



ud =(1+ah+

Ja@-q)

qaf + =0 qovh

Ja Jai-q)

1+ ah)o/h(1-2q)
Ja@-a)

1+ ah)ov/h(1-2q)
Jait-q)

1+ ah)ovh(1-2q) = Jq(L-g) (@+o”h) - 1+ ah)?)

(L+ah)?o’h(L-20)* = q-q)(@+o’h) ~ A+ ah)? )

1+ ah)? - (1+ah)—— o’h=1

=1+c°h

(1+ah)? +

= (1+ o?h) — (L+ ah)?

(@+o?h) — @+ ahy?)
1+ ah)?c?h

(1+0'2h)—(1+ah)2}2

1-29)* =q@-q)

2 2
trdarda=(a- ){ @+ ah)ovh
Call the bracketed term m. Then

1-q+49° =(q-q°)m’
1-q+49° —gqm* +9°m*=0
q°(4+m?*)+q(-4-m?)+1=0.
Let a = 4 + m?, giving
g’a+4(-a)+1=0.

Using the quadratic formula, the solution is

:li fa__4: f

4a
L E/ML__+_ m’
2_2 4+m? 2 2\N4+m*

As it turns out, both solutions are correct and reasonable. JKY report the formula

based on the minus solution. Thus, they report that
11 m . 1+ o?h) — (1+ ah)?

"2 2Ja+m? (+ah)ovh

Risk neutralizing results in

3 (1—7[)0\/ﬁ 3 —roh
u_1+rh+—m , d_1+rh+—m

11 m m_(1+02h)—(1+rh)2
2 2.Ja+m?’ @+rh)ovh

Now let us examine the limit of w*.

*=

(1—Q)O'\/H 1+ ah —qa\/ﬁ
J( e +\/q(l—q)

]21



limz* = lim| 2(1-—M || 2L Ly M
h—0 h-o| 2 [4 + m? 2 200 Jarm? )
Let us examine the limit of m:

Iimm:lim[

h—0 h—0

1+ o’h—(1+rh)?
@+rh)ovh
Using L’Hopital’s rule:
f(h) (1+o°h)—(1+rh)?
m= =
g(h) @+ rh)ovh
f'(h)=0”-2r(1+rh)

g'(h)y=(1+ I’h)Wﬁ—ar\/ﬁ

f'(h)y  o?-2r@+rh)  o?-2r@+rh) 2vh(c?—2rL+rh))
9'() (142 +ordn (+rh)o+20rh (14 rh)o +20th
2/h

2h
Iim[—f ’<h>j=2=o.
o)) o

limzr=+ Ljim| " —3_3(9}1
h—0 2 2h-0 /4+m2 2 212 2

Thus, the JKYABMD1 formula for ©* converges to % in the limit. This is not the

o
2

Thus,

arbitrage-free formula for =. We must show that it converges to % in the limit to verify
that JKYABMD1’s formula for ©* converges to the correct, arbitrage-free value. The
formulas for v and d are repeated:
1-7")ovh —r'o~/h
Jr'l-x") Jra-7")’
We just proved that in the limit, ©* goes to . So substitute %:
u=1+rh+o+h, d=1+rh+ah.
Now look at the arbitrage-free formula for =:
e —d e —(@+rh—ovh) e"—(@1+rh-ov/h)
u—d  (@+rhrovh)-@+rh-ovh)  2ovh

u=1+rh+ , d=1+rh+

The limit is

lim e" —(L+rh-ovh)|_1-1
20'\/H 0

h—0

Thus, using L’Hoépital’s rule:



”:e’h—(1+rh—a\/ﬁ): f (h)
20+/h g(h)

frihy=re" —r+-—2_

2h

20
2 h v
g'(h) oJh
e 4 O 2Jh(re" —r)+o
fF'th) _ 2Jh _ 2:/h _2/h(re"-n+o
g'(h) 20 2 20

£0 9
2vh 2vh
Iim(Z\/ﬁ(rerh —I’)+0']:£ 1

h—0 20 20 B E

Thus, the correct arbitrage-free risk neutral probability converges to ', and the
JKYABMDI1 risk neutral probability converges to %, so the JKYABMDI1 model is

arbitrage-free in the limit.

Anomalies:
(la) Is w* < 17

The formula for ©* guarantees that it will be less than %. Thus, « is always less than 1.

(1b) Is w* > 07
Given the formula for ©* and m, we have

11 m
2

2\J4+m?

>0

This ©* is always greater than 0.

(2) u> 17

It is apparent from the formula for u that it always exceeds 1.

(3) d<17?

From the formula for d, it is possible that d could exceed 1 if ¢ is small enough.



JKYRB2

The mean and variance specifications for the physical process are
glnu+(1-qg)Ind = xh
q@-q)[In(u/d)]" = o?h.

The up and down parameters are the same as the in the generalized RBJRT models:
1q g

h h————a+h
Uee e g " Ve’
JKY impose the specification
Ud — eZah
Thus,
2un 2 n0-29)

ud=e  VIEO _ g2

h+mz 2ah
q(-q)
Now we substitute o - 0°/2 for p so that 2uh = 2(a - 6°/2)h. Then
MZ 20h
Va-q)
+M:O
Va@l-a)
ovh@-29) _ ..
Va(-a)

Note here that because the RHS must be positive, we require that ¢ < %. This will

2(a -2 12)h+

—o’h

identify which root to use when we solve a quadratic equation.

Continuing with the above expression:
o’h(l-2q)°

o'h?
qd-a)
(1_2q)2 :O_Zh
qd-a)

(1-29)* =o’hq(l-q)
1-4q+49° =o°hq—o’hg®
49° + o°hg® —49-c*hg+1=0
q°(4+c’h)+q(-4-c’h)+1=0.
This is a quadratic equation of the form a¢® + bqg + ¢ = 0 where a = 4 + o’h, b = -a,
and ¢ = 1. The solution is the same as the derivation for JKYABMDI1 except that we

know that q must be less than %4, so we must use the negative root:



11
g-1-1_m Jh

2 2 asm O

The risk neutral version requires that we replace p with r - /2.

_ 2 1-7' _ 2 _ '
e e(r o2 12)h+ ,,r(l,,,r)“‘/ﬁ do e(r o?/2)h ”’(17”')0'\/h
1 1 m
Tr=——— vh.

= — M=o
2 24+m?
To find the limit of ©*, we will need the limit of m. From the formula for m, we see

that the limit of m is 0. Thus, the limit of ©* is obviously %.

As noted, the JKYRB2 model does not specify the correct arbitrage-free mean formula.
Hence, its formula for ©* admits arbitrage. We need to examine the limit of the correct

arbitrage-free formula for .

(r-c212)h——2——oh

e | o e

e™ —d
= u—d - (=2 12)hs+—2 o R PN Sy A
. N _{e N ]

We showed that ©* converges to % in the limit. Thus, we can essentially write this

formula as
e _ (e(r—azlz)h—dx/ﬁ)

N a(—o”12)h+oh _(e(r—azlz)h—a\/ﬁ).

The limit is

e _ (e(r—azl2)h—o\/ﬁ)

limz=Ilim = .
h—0 h—0 e(r-52/2)h+aJﬁ _(e(r—0'2/2)h—0'«/ﬁ) 1-1

Thus, using L'Hoépital’s rule:



erh _e(r—02/2)h—a\/ﬁ ~ f (h)

= e(r—o-zlz)tha\/ﬁ _e(r—azlz)h—ox/ﬁ - g(h)

2vh
2\/ﬁ(re”‘ L (e /2)) + gelr-otiDn-oh
2vh
g'(h) = et rama (r —6?12 +Lj _ g0t 12h-ovh (r o202 _LJ

2vh 2vh
_ 2\/ﬁ(e(f—02/2)h+aﬁ (r- ol 12)+ O_e(r—azlz)mgﬁ _ 2\/ﬁe(r—02/2)h—a«/ﬁ (r- o 12) + O_e(r—azlz)h—m/ﬁ
2vh

2\/H(rel’h _ e(T—o-ZIZ)h—U\/H(r _ 0_2 /2)) n O-e(f—GZ/Z)h—mm
() _ T
gr(h) 2\/ﬁ(e(r772/2)h+a\/ﬁ(r _ 02 /2) + O_e(rfgzl2)h+ax/ﬁ _ zx/ﬁe(rfozlz)h—a\/ﬁ(r _ 0_2 /2)) + O.e(l’*GZ/Z)h—a\/ﬁ
2vh
2\/ﬁ(re”‘ —e(reh-olh 52 /2)) + gelr-ot/an-odh
= 2\/ﬁ(e(r—o—2/2)h+a«/ﬁ(r _0_2 /2) + Ge(r—JZIZ)h-HT\/E _ 2\/Fe(r_02/2)h—ax/ﬁ(r _0_2 /2)) + Ge(F—UZIZ)h—o-\/H

2\/H(rerh _ e(r—gz/z)h—aJﬁ (r . O_z /2)) + O-e(r702/2)h—o—\/ﬁ
lim

f'(h) = re™ — gl /An-ovh (r -0°/2 —LJ

h—0 2\/H(e(r—02/2)h+o—\/ﬁ(r_o_2/2)+O_e(r—52/2)h+o«/ﬁ _2\/ﬁe(r—52/2)h—o—«/ﬁ(r_o_2/2))+O_e(r—o—2/2)h—o-«/ﬁ

0+o o 1

“0+0-0+c 20 2
Thus, the arbitrage-free value of ™ converges to %. Because the JKYRB2 formula for «

also converges to %, the JKYRB2 model is arbitrage-free in the limit.

Anomalies:
(la) Ism* < 17

It is apparent from the formula for ©* that it is less than %, so « is always less than 1.

(Ib) Is w* > 07
The proof for JKYABMDI is applicable to this case as well. Thus, ©* is always less
than 0.

(2) Isu > 17

1—72" 2
rh 1 - o‘h_l 1
€ [ + ,—ﬂ-,(l_”,) Ve J>



The expression in parentheses is greater than 1, so u is always greater than 1.

(3) Isd < 17

T 2
M| 1-———=+e"" -1 |>1.
Jr(d—r)
This statement is not necessarily true because a small enough volatility can make the

subtracted term be sufficiently small to keep the LHS above 1. Thus, d can be greater
than 1.



JKYABMC2
The mean and variance specifications for the physical process are
qu+(L—-q)d =e*"
ql-a)u—d)* =e*"(e”" ~1).
Write these as:
qu-d)+d=e*"

B e2ah (eazh _1)

(u—d)
ql-q)
2ah [ ~o?h ah
u—do |0 & ey,
al-a)  Ja@-q)
Working with the mean
ah
e —1+d =
Ja@-a)
d — eah eahq eazh _1
ql-q)
d=e™" [1— g et —1}
qil-q)
ah
U=d+——o |
qil—a)

u—e| 14— 02D oo 1}
q(-a)
Now we need to solve for q. They impose the specification
ud =e*".
Thus,

1—q 2 2
ud =e™ [ 1+ ——L_+/e° " —1]e“h (1—— gl —1J:e2““.
( qy(1-q) (1-qa)

Therefore,



a 1_q o? q c’h 2ah
e 1+ —2L /e h—lj(l—— e’ -1l|=e
( Vad-aq) Jad-aq)

o’h -1 q(l_q) (ea'zh _1) =1

2h

2ah 1_ q \/0'7
° [ Ja@-a) °

_1+1——q e
Ja@d-a) qi-a)

o%h _ )
[1+e—1(1—2q)—(e‘”‘—1) 1.

va-a)
Because of the constraint on ud, the term in brackets must equal 1. Therefore,
Ve -10-20) s _
Vai-a)

Note from the above that if ¢ > % the LHS will be negative, but the RHS is clearly

positive. Thus, we must have ¢ < %. This will tell us to use the negative root when we
solve the quadratic equation. Continuing:
Jer —11-2q) _ o
Va@-q)
Ve ~101-20) = (¢ 1) Ja@- )
(" ~D-20)" =(¢"" ~1*q(L-0)
(1-29)" =q(-q)(e”" -1
1-4q+49° =(q-°)(e"" - 1)
1-4q+49>=q(e”" -1)—g?(e” " -1)
4% +(e”" —1)q% —4q-q(e”" 1) +1=0
24+ (7" ~1) +q(-4(e”™" ~1) +1=0.
This is a quadratic equation just like the ones associated with the JKYABMDI1 and
JKYRB2 models. The solution is

1 1 m e
q = ~-= 1 m = eo h _1-
2 24+m?
To risk neutralize, change o to r.

) /7_] . m(_ q /7_]
=e"| 1+ ——=—=+/e 1],d=e"|1 e 1
) ( BTy Jaa-9

1 1 m 2
= m=+e" "1
2 2{4+m?

To find the limit of ©*, we will need the limit of m. From the formula for m, we see

that the limit of m is 0. Thus, the limit of ©* is obviously “%. We also need to

determine if the arbitrage-free formula for © converges to % in the limit.



e _|em 1_L eazh 1
_e™d 7'(l-7')

T e’ —1
Jr'l—7x")

u-—d ,7
erh {1_'_ (1 T ) J rh {
We know that ™ converges to % so we can effectively substitute ', giving

Jr'l—7")
th [ athfq_Jac®h _ -
e (e (1 e 1)) ) o e _1

e (1+ Ve —1) —e" (1—\/e"2h —1) 2eme " 1

Therefore, we see that the correct arbitrage-free risk neutral probability is % in the limit

. 1
limz=e™ ==,
h—0 2

with these chosen values of u and d. Because ©™ converges to % in the limit and =~ also

converges to ¥ in the limit, the JKYABMC2 model is arbitrage-free in the limit.

Anomalies:
(la) Is m* < 17

We determined that ©* must be less than %, so ©* is always less than 1.

(1b) Is @* > 07
The proof for JKYABMDI1 is applicable to this case as well. Thus, ©* is always greater
than 0.

(2) Isu>17

rh (1 7[)
e [1+m\/ J>1

The expression in parentheses is greater than 1, so u is always greater than 1.

(3) Isd < 17

z' 2
M| 1-———+e" " -1 |<1.
Jr'@l—7")
This statement is not necessarily true because a small enough volatility can make the

term subtracted be sufficiently small to keep the LHS above 1. Thus, d is not always
less than 1.



JKYABMD2c

The mean and variance specifications for the physical process are
qu+(@Q—-q)d =1+ch
ql-q)(u-d)*=c’h.

The mean can be written as

g(u-d)+d=1+«h.

Then
-dyr=—2"_
Vva@d-a)
_g_ovh
q@l-q)
Using the mean,
%\/ﬁ)m:“ah
aqil—g
detsoh_ Govh
e Va-a)
Jh
—d+ 2V
: +¢qa—m
u=1l+ah- qa\/ﬁ + avh
Jat-a) Jat-a)
u=1+ah+m.

Jai-aq)

. JKY give the solution as

To obtain a value for ¢, they assume ud = ¢*"

JKY solution:

1+ah

2 2J4sm?

The formula for ¢ is correct, but the formula for m requires another assumption.

precise derivation follows. We have

(@—g)o+h —Qo+/h } 2ah
d=|1 h+———— || 1 h+t — |= .
- ( e qa—q)j£'+a " ql-q) °

Therefore,

The



(+ahovh@-29) o o
Ja-a)

e*" + o’h— 1+ ah)®

ud = (1+ah)® +

(1+ah)yovh(l-2q)

Ja@-q)

(1+ah)ovh(1-20) = JqL-q) (€*" + o°h— 1+ ah)?)
1+ ah)?c?h(1-2q)? = q(L—- q)W?,

where
W =e’" + o*h - (1+ ah)’.
Proceeding,
W2
1-29)°=q(l-¢)————8—.
(1-20)" =q( q)(lmh)zazh
Let

_o’h+ e’ — 1+ ah)?
1+ ah)ovh

The JKY solution for m is obtained by using the approximation e’ =~ 1 + z. The precise

solution contains an addition term in the numerator, e*" —(1+ah)?, that corrects for the
approximation. The precise solution is obtained as:
1-4q+49° =(q-q")m’
1-4q+49* —gm*+g°m’ =0
g°(4+m’)+q(-4-m?)+1=0.
This is a quadratic equation as in the other JKY models. The solution is
11 m

RN
Of course, there are two roots to the quadratic equation, but we can deduce that only
the negative root applies. Recall that above, we had the equation
(1+ah)*c’h(1-2q9)* =q(1-q)W *> where
W =e*" + o*h — (L+ ah)’.

Using a Taylor-series expansion, we can show that W is positive:
21,2

e* —(1+ah)? =1+ 2ah + a +..—(1+2ah + a*h?)

=a’h’® +...
Taking the square root from an earlier expression:
L+ ah)ovh(1-2g) = [qL-qW.
We know that the RHS is positive. The LHS can be positive only if 1 > 2¢q, which

means that q < %. Therefore, we require the negative root to make ¢ be less than Y.



Risk neutralizing gives solutions of

u=l+rh+w, d=1+rh+ﬂ
Jr(l—7) Jr(l—7)
L, 11 m e’ —(1+rh)’> +o’h

Tr==—-= , m=
2 2.Ja+m? 1+ rh)oh

Now consider the limit of ©*. We will need to know the limit of m.

2™ — (1+ rh)? +02hj_1—1

h—0 h—0

Iimm=|im{ i+ rh)o\/ﬁ 0

Thus, we use L’Hopital’s rule:
f(h) =o?h+e”™ — (1+rh)?
f'(h)=c’ +2re*" —2(1+rh)r
g(h) = L+ rh)o/n

o'y =LMoo th

2vh
f'(h) o +2re?™ —2(L+rh)r He
g'(hy  (@+rh)o R~
2Jh “

ot 2re®™ —2@+rhyr  2Jh(e®™2r + o — 2(1+ rh)r)
1+ rh)o + ov/hrvh @+ rh)o + o/hrvh
2vh

=0.

“m[Z\/ﬁ(ez’“Zr +0? —2(1+ rh)r)j 0

h—0 (@+rh)oc+ohr o
nce, the limit of ©* is %. We need to examine the limit of the correct, arbitrage-free

value of w*:

e —(1+ rh +

~r'o~/h
o Jr'@d-7r")

- (1—7[’)0\/5 3 —roh .

[1+ rh+7r(1_;;') j [1+ rh+ﬁ(l_”,)]

We know that ©* converges to % in the limit. Therefore, we can effectively substitute

and get:

B e'“—(1+rh—m/ﬁ) _e”‘—(1+rh—a\/ﬁ)
ﬁ_(1+rh+o\/ﬁ)—(1+rh—o\/ﬁ)_ 20/h '

The limit is



erh—(1+l’h—0'\/h) 1-1
limz=Ilim = .
h—0 h—0 20 /h 0

Thus, using L’Hoépital’s rule:
erh—(l—i- rh—a\/ﬁ) f(h)
20+h a(h)
o _ Jh(re™ =1 + 1/ 2)o
2vh Jh

=

f'(hy=re™ —r+

(hy =2
g(h)—\m
Jh(re™ =)+ (1/2)c
f'(h) Jh _Jh(re™ —r)+ (1/2)o
g'(h) o B o
Jh

”m:“m(\/ﬁ(re”‘—r)+(1/2)oJ:£

h—0 h—0 o 2

Thus, the arbitrage-free value of w is %4. Because ©* converges to %, the JKYABMD2c

model is arbitrage-free in the limit.

Anomalies
(la) Is w* < 17

We have already shown that ©* < %, so ©* is always less than 1.

(Ib) Is w* > 07
The proof for JKYABMDI1 is applicable to this case as well. Thus, ©* is always greater
than 0.

(2) Is u> 17

It is apparent from the formula that u is always greater than 1.

(3) Isd < 17
It is apparent from the formula that a very small sigma can make d be greater than 1.

Thus, d is not always less than 1.



JKYABMD3

The mean and variance specifications for the physical process are
qQu+(@—-qg)d =1+ah
ql-q)(u-d)*> =oc’h.
The model assumes that ¢ = %. Thus,

lu+1d:1+05h
2 2
11
L) u—dy=on
2@( Yo

u+d =201+ ah)
%w—df=a%
(u—d) =40%h
u—d=20'\/ﬁ.

So we have
u+d=21+cah)

u—d=20+vh
d =21+ ah)—u.
Therefore,
u-d=u-(2(l+ah)-u)=20+h
2u—-2(1+ah) =20+/h
u-(Q+ah)=cvh
u=1+ah+ovh.

To obtain d:

d =2(1+ ah)— 1+ ah+ovh) =21+ ah) - 1+ ah) - o+/h
=1+ah-o+h.
To risk neutralize the model, we have
u=1+rh+ovh, d=1+rh—ovh
1

a* ==,

2
The risk neutral probability is arbitrarily set at %, but it does not prohibit arbitrage for

finite time steps because the mean constraint is not the arbitrage-free constraint.
Obviously, it is equal to % in the limit. We need to show that the correct arbitrage-free
value of w is % in the limit.
e”‘—(1+rh—m/ﬁ) e”‘—(1+rh—a\/ﬁ)
ﬂ:(1+rh+a\/ﬁ)—(1+rh—a\/ﬁ): 20+h '




Taking the limit:

er“—(1+rh—a\/ﬁ) 1-1
limz=Ilim = .
h—0 h—0 26+/h 0

Thus, using L’Hépital’s rule:
erh—(1+ rh—a«/ﬁ) f (h)
20+/h g(h)
o _~hre"-n+@/2)o
2vh vh

T =

f'(hy=re™ —r+

"y =-2_
g'(h)= T
Jh(re™ =)+ (1/2)c
f'thy Jh _Jh(re" -0+ (1/2)c
g'(h) o B o
Jh

Iim[wjzlim(\/ﬁ(rem_r)+(1/2)O-J:1.
h—0 g’(h) h—0 o 2

Because © converges to % and ©* = %, the model is arbitrage-free in the limit.

Anomalies:
(la) Is w* < 17

Since ©* = Y, it is always less than 1.

(1b) Is w* > 07

Since ©* = Y, it is always greater than 0.

(2) Isu> 17

It is obvious from the formula that u is always greater than 1.

(3) Isd < 17
It is obvious from the formula that a small enough o can result in d > 1. Thus, d is not

always less than 1.



