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Autoregressive Structures in
Econometrics
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Example 1: AR(1)

Consider the data-generating process

. { le-5 4 0.502, 1 + &1, t € {1,..., Ny}
=

5e-2 + 050z +¢e¢ t € {N1+1,...,N}

e+ white noise, N = 5000, Ny = 2500.
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Example 2: ARMA(1,1)

0.05+ ¢ +0.1e;1 for t € {1,...,3000}
Tt — O.Sl’t_l = 0.10 + €t + 0-1€t—1 for ¢ € {3001, ceey 6000}
0.15+ ¢ +0.1e,;  for ¢t € {6001, . ..,9000},
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Example 3: GARCH(1,1)

~]5e-3+0.10e7 4+ 0.50h;—y  for t € {1,...,2100}
" 00.0125 + 0.10e2 | + 0.50h,_; for ¢ € {2101, ...,4200}
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Example 4: VAR, simulated
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No Jump
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Gradual Changes, Random
Changes

yt = ¢+ 0.10y;_1 + &4, T = 400

Jump in ¢ at T'/2.
c1 = 1 first segment, ¢y second segment
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Example 5:
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(Bernanke and Mihov: Measuring Monetary Policy. Quar-
terly Journal of Economics. Aug 1998. 869-902.)



Stationary Series except
Commodity Index
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Stationary Series
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Example 6: S&P 500 Index
4-Jan-1988 through 31-Dec-2003

GARCH(1,1):
h =w+ 045%_1 + Bhy_q,

persistence parameter A := o + (3.

Squared Returns

A = 0.0447 4 0.9506 = 0.9953
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Example 7: San Francisco Precipitation
Jan 1, 1998 through Jan 31, 2003
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GARCH(1,1):

A =0.196 + 0.803 = 0.999
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Earlier Studies

AR Models, Dickey-Fuller Tests:

e Perron (1989)

e Perron (1990)

e Hendry and Neale (1991)
GARCH:

e Diebold (1986)

e Lamoureux and Lastrapes (1990)

e Hamilton and Susmel (1994)

e Mikosch and Starica (2000)
Long Memory:

e Granger and Hyung (1999)

e Granger and Terédsvirta (2001)
e Diebold and Inoue (2001)
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AR(1):
Yt = ¢+ QY1 + &4
| -1
Yr = ¢ — ¢ +;¢]5t]+¢yo
VAR(1):
rr=c+ Pri_1 + &4
t—1
m=(1—®) (I =)+ ) Do+ Pl
=0
k segments:

a:f) = cz-+<I>Z-x§i_)1+5t,
t:E_l—l—l,...,T;’; 7;:1,...,/{; T():O, Tk:T

i = ([ — CI)Z'>_1CZ'.
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Ei(-) = E(|rr_,)

Bz, = (I — &) (I — e
t—T -1
TR Y Pe ]+ e
j=0
= Wi + 0(1)7

Auxiliary Result:

Ty — 1y 1y — 1T Ty — Tk
T p1 + T po + ...+ [k

+ o(1).
Estimated Model:

T =

Ty = C+ (I).Clﬁt_l + &¢

Subtract sample mean x = ¢ + CiDi, take [E;:

Ei(z; — ) = Ei(D(x_1 — 2)).

Assumption:
Vard = o(1)
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Then

)

Ei(z; — ) = B E;(z 1 — Z) + o(1).

Use the result E;x; = p; + o(1) and Auxiliary
Result:

k
1
Hi — T Z(TJ — Tj—l)/lj
C i
=B \pi— ;(Tj — Tj—1)p; | +o(1)

Theorem 1. If a first-order vector autoregres-
sive model 1s estimated on a time series that
underwent (k — 1) parameter changes, the ma-
triv By(®) = E(d|ar,_,) has a unit eigenvalue
with corresponding eigenvector

k
ei = — 1T Y (T —Tj1)p;.
j=1

This holds true in all segments t = 1,2,...,k,

up to terms that vanish with growing segment
sizes 1; — 15 1.
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VAR(p)

T =C+P1xi 1 +Poxy o+ ...+ (I)p,ft_p + &y,

VAR(1) representation:

Tt = C—I—Mflit_l—l—gt,

Tt C
Ti—1 0
xrp = . c= M =

_jt—p—i—l_ _O_
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Theorem 1 applies to
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ARMA (p,q)

Clet = 6+§b153t_1+. . -+¢p§3t—p+€t+¢1€t—1+- . ~+¢q€t—q

m = max{p, ¢}
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Vector form:

Ty =C+ (I)ZUt_l + \Ifgt,
Theorem 1 applies to

E,d,
or

j=1
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GARCH(p,q)

re=E(r|Fio1)+e=fb)+et=1
Gt‘]:t—l NN(th),

q p
h; = oo + Z CKZ'E?_Z- + Z Bih_,
1=1 1=1

E?thntQ? ntNN<O71>

m = max{p, ¢}
ht p— (ht7 ht_l, c e ey ht_m_|_1>/ E Rm
5? — (67%7 6%—17 T eg—m—kl)/ e R™

w=(ag, 0,...,0) €R"
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61 62 --ﬁp—l ﬁp 0

L 0 ... 0 O :O:
SR
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Vector form:

ht =W + (A + B)ht_l,
Theorem 1 applies to

E;,(A+ B),

or
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Conclusions

e Looked at neglected parameter switches that
change the in-segment means of autoregressive
processes.

e In VAR: )
E: >
j=1
has asymptotic unit eigenvalue.

o In ARMA:
p
E: ) ¢;=1+o0(1).
j=1

e [In GARCH:

q P
Ei [ > o+ 8| =1+0(1),
j=1 j=1

e Geometric phenomenon: not confined to spe-
cific estimators. ( Var® = o(1))

e Before specifying sample: Change-point detec-
tion.
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