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Autoregressive Structures in
Econometrics

• ARMA:

yt = c+

p∑
j=1

φjyt−j+

q∑
j=1

ψjεt−j+εt,

εt white noise.

• GARCH:

rt := logSt − logSt−1 = µ(t) + εt,

εt|Ft−1
∼ N (0, ht)

ht = ω +

q∑
j=1

αjε
2
t−j +

p∑
j=1

βjht−j.

• VAR(p):

yt = c +

p∑
j=1

Φjyt−j + εt,

yt ∈ R
n, Φj ∈ R

n×n, ε n-dim white
noise.
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Example 1: AR(1)

Consider the data-generating process

xt =

{
1e-5 + 0.50xt−1 + εt, t ∈ {1, . . . , N1}
5e-2 + 0.50xt−1 + εt, t ∈ {N1 + 1, . . . , N}

εt white noise, N = 5000, N1 = 2500.
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Example 2: ARMA(1,1)

xt − 0.3xt−1 =

⎧⎪⎨
⎪⎩

0.05 + εt + 0.1εt−1 for t ∈ {1, . . . , 3000}
0.10 + εt + 0.1εt−1 for t ∈ {3001, . . . , 6000}
0.15 + εt + 0.1εt−1 for t ∈ {6001, . . . , 9000},

φ̂ ≈ 1
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Example 3: GARCH(1,1)

ht =

{
5e-3 + 0.10ε2

t−1 + 0.50ht−1 for t ∈ {1, . . . , 2100}
0.0125 + 0.10ε2

t−1 + 0.50ht−1 for t ∈ {2101, . . . , 4200}

α̂ + β̂ ≈ 1
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Example 4: VAR, simulated
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No Jump
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Gradual Changes, Random
Changes

yt = c + 0.10yt−1 + εt, T = 400

Jump in c at T/2.
c1 = 1 first segment, c2 second segment
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Example 5: VAR, real
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(Bernanke and Mihov: Measuring Monetary Policy. Quar-

terly Journal of Economics. Aug 1998. 869–902.)
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Stationary Series except
Commodity Index

1960 1965 1971 1976 1982 1987 1993 1998
−0.1

−0.05

0

0.05

0.1
Non−Borrowed Reserves

1960 1965 1971 1976 1982 1987 1993 1998
−0.05

0

0.05
Total Reserves

1960 1965 1971 1976 1982 1987 1993 1998
−0.1

−0.05

0

0.05

0.1
Federal Funds Rate

1960 1965 1971 1976 1982 1987 1993 1998
0

100

200

300

400
Dow Jones Commodity Index

1960 1965 1971 1976 1982 1987 1993 1998
−0.04

−0.02

0

0.02

0.04
Gross Domestic Product

1960 1965 1971 1976 1982 1987 1993 1998
−0.05

0

0.05

0.1

0.15
GDP Deflator

max
{
λi Eigenvalues of

∑
Φj

}
= 0.995

10



Stationary Series
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Example 6: S&P 500 Index
4-Jan-1988 through 31-Dec-2003

GARCH(1,1):

ht = ω + αε2t−1 + βht−1,

persistence parameter λ := α + β.
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Example 7: San Francisco Precipitation
Jan 1, 1998 through Jan 31, 2003
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Earlier Studies

AR Models, Dickey-Fuller Tests:

• Perron (1989)

• Perron (1990)

• Hendry and Neale (1991)

GARCH:

• Diebold (1986)

• Lamoureux and Lastrapes (1990)

• Hamilton and Susmel (1994)

• Mikosch and Starica (2000)

Long Memory:

• Granger and Hyung (1999)

• Granger and Teräsvirta (2001)

• Diebold and Inoue (2001)
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VAR(1)

AR(1):

yt = c + φyt−1 + εt;

yt = c
1 − φt

1 − φ
+

t−1∑
j=0

φjεt−j + φty0.

VAR(1):

xt = c + Φxt−1 + εt;

xt = (I − Φ)−1(I − Φt)c +

t−1∑
j=0

Φjεt−j + Φtx0

k segments:

x
(i)
t = ci + Φix

(i)
t−1 + εt,

t = Ti−1+1, . . . , Ti; i = 1, . . . , k; T0 = 0, Tk = T

µi := (I − Φi)
−1ci.
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Ei(·) = E(·|xTi−1
)

Eixt = (I − Φi)
−1(I − Φ

t−Ti−1
i )ci

+ Ei[

t−Ti−1−1∑
j=0

Φj
i εt−j] + Φ

t−Ti−1
i xTi−1

= µi + o(1),

Auxiliary Result:

x̄ =
T1 − T0

T
µ1 +

T2 − T1

T
µ2 + . . . +

Tk − Tk−1

T
µk

+ o(1).

Estimated Model:

xt = ĉ + Φ̂xt−1 + εt

Subtract sample mean x̄ = ĉ + Φ̂x̄, take Ei:

Ei(xt − x̄) = Ei(Φ̂(xt−1 − x̄)).

Assumption:

VarΦ̂ = o(1)
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Then,

Ei(xt − x̄) = EiΦ̂ Ei(xt−1 − x̄) + o(1).

Use the result Eixt = µi + o(1) and Auxiliary
Result:

⎡
⎣µi − 1

T

k∑
j=1

(Tj − Tj−1)µj

⎤
⎦

= EiΦ̂

⎡
⎣µi − 1

T

k∑
j=1

(Tj − Tj−1)µj

⎤
⎦ + o(1)

Theorem 1. If a first-order vector autoregres-
sive model is estimated on a time series that
underwent (k − 1) parameter changes, the ma-
trix Ei(Φ̂) = E(Φ̂|xTi−1

) has a unit eigenvalue
with corresponding eigenvector

ei := µi − 1/T
k∑
j=1

(Tj − Tj−1)µj.

This holds true in all segments i = 1, 2, . . . , k,
up to terms that vanish with growing segment
sizes Ti − Ti−1.
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VAR(p)

x̃t = c̃ + Φ1x̃t−1 + Φ2x̃t−2 + . . . + Φpx̃t−p + ε̃t,

VAR(1) representation:

xt = c +Mxt−1 + εt,

xt =

⎡
⎢⎢⎣

x̃t
x̃t−1

...
x̃t−p+1

⎤
⎥⎥⎦ c =

⎡
⎢⎢⎣
c̃
0
...
0

⎤
⎥⎥⎦M =

⎡
⎢⎢⎢⎢⎣

Φ1 Φ2 . . . Φp−1 Φp

I 0 . . . 0 0
0 I . . . 0 0
... ... . . . ... ...
0 0 . . . I 0

⎤
⎥⎥⎥⎥⎦

εt =

⎡
⎢⎢⎣
ε̃t
0
...
0

⎤
⎥⎥⎦

Theorem 1 applies to

Ei(Φ̂1 + Φ̂2 + . . . + Φ̂p).
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ARMA(p,q)

x̃t = c̃+φ1x̃t−1+. . .+φpx̃t−p+εt+ψ1εt−1+. . .+ψqεt−q

m = max{p, q}
c = (c̃, 0, . . . , 0)′ ∈ R

m

xt = (x̃t, x̃t−1, . . . , x̃t−m+1)
′

εt = (εt, εt−1, . . . , εt−m)′ ∈ R
m+1

Φ =

⎡
⎢⎢⎢⎢⎢⎢⎣

φ1 φ2 . . . φp−1 φp [0]
1 0 . . . 0 0 [0]
0 1 . . . 0 0 [0]
... ... . . . ... ... ...
0 0 . . . 1 0 [0]
[0] [0] . . . [0] [1] [0]

⎤
⎥⎥⎥⎥⎥⎥⎦
∈ R

m×m.

Ψ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 ψ1 . . . ψq [0]
0 0 . . . 0 [0]
0 0 . . . 0 [0]
... ... . . . ... ...
0 0 . . . 0 [0]
[0] [0] . . . [0] [0]

⎤
⎥⎥⎥⎥⎥⎥⎦
∈ R

m+1×m+1,
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Vector form:

xt = c + Φxt−1 + Ψεt,

Theorem 1 applies to

EiΦ̂,

or

Ei

p∑
j=1

φ̂j = 1 + o(1).
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GARCH(p,q)

rt = E(rt|Ft−1) + εt = f (b) + εt t = 1, . . . , T,

εt|Ft−1 ∼ N (0, ht),

ht = α0 +

q∑
i=1

αiε
2
t−i +

p∑
i=1

βiht−i,

ε2t = ht η
2
t , ηt ∼ N (0, 1)

m = max{p, q}
ht = (ht, ht−1, . . . , ht−m+1)

′ ∈ R
m

ε2
t = (ε2t , ε

2
t−1, . . . , ε

2
t−m+1)

′ ∈ R
m

ω = (α0, 0, . . . , 0)′ ∈ R
m

A =

⎡
⎢⎢⎢⎢⎣
α1η

2
t−1 α2η

2
t−2 . . . αqη

2
t−q [0]

0 0 . . . 0 [0]
... ... . . . ... ...
0 0 . . . 0 [0]
[0] [0] . . . [0] [0]

⎤
⎥⎥⎥⎥⎦ ∈ R

m×m,
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B =

⎡
⎢⎢⎢⎢⎢⎢⎣

β1 β2 . . . βp−1 βp [0]
1 0 . . . 0 0 [0]
0 1 . . . 0 0 [0]
... ... . . . ... ... ...
0 0 . . . 1 0 [0]
[0] [0] . . . [0] [1] [0]

⎤
⎥⎥⎥⎥⎥⎥⎦
∈ R

m×m.

Vector form:

ht = ω + (A +B)ht−1,

Theorem 1 applies to

Ei(A +B),

or

Ei

⎛
⎝ q∑

j=1

αj +

p∑
j=1

βj

⎞
⎠ = 1 + o(1).
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Conclusions

• Looked at neglected parameter switches that
change the in-segment means of autoregressive
processes.

• In VAR:

Ei

p∑
j=1

Φ̂j

has asymptotic unit eigenvalue.

• In ARMA:

Ei

p∑
j=1

φ̂j = 1 + o(1).

• In GARCH:

Ei

⎛
⎝ q∑

j=1

αj +

p∑
j=1

βj

⎞
⎠ = 1 + o(1).

• Geometric phenomenon: not confined to spe-
cific estimators. ( VarΦ̂ = o(1))

• Before specifying sample: Change-point detec-
tion.
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